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Abstract 

This article deals with a conjecture generalizing the second case of Fermat's Last Theorem, 
called SFLT2 conjecture: Let p > 3 be a prime, K := Q(C) the pth cyclotomic field and 
its ring of integers. The diophantine equation (u + vC^I^k = Vo\, with u,v £ Z\{0} coprime, 
uv = Q mod p and VOi ideal ofLx, has no solution. Assuming that SFLT2 fails for {p,u,v), 
let q be an odd prime not dividing uv, n the order of ^ mod g, ^ a primitive nth root of unity 
and M := Q(^, Q. The aim of this complement of the article [GQ] of G. Gras and R. Queme 
on the same topic, is to exhibit some strong properties of the decomposition of the primes £3 
of liM over q in certain Kummer p-extensions of the field M with the aim to derive from them 
a conjecture implying SFLT2 and a weak conjecture implying that the SFLT2 equation can 
always take the reduced form u + C^v e K^'p . 
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Abstract 



Get article traite d'une conjecture generalisant le second cas du dernier theoreme de Fermat, 
ci-apres conjecture SFLT2: Soil un nombre premier p > S , K .= Q(C) le p-ieme corps 
cyclotomique et I^k son anneau d'entiers. L'equation diophantienne {u + vQZk — ^i, avec 
u,v € Z\{0} premiers entre eux, uv = mod p et roi ideal entier de Tjk, n'a pas de solution. 
Supposant SFLT2 fausse pour {p,u,v), soient q un nombre premier ne divisant pas uv, n 
I'ordre de ^ mod q, ^ une racine primitive rt-ieme de I'unite et M :— Q(^, C)- L' objectif 
de ce complement de Particle [GQ] de G. Gras et R. Queme sur le meme sujet est de mettre 
en evidence certaines proprietes fortes de decomposition des ideaux premiers 1} de Za/ au 
dessus de q dans certaines p-extensions de Kummer du corps M avec I'objectif d'en deduire 
une conjecture impliquant SFLT2 et une conjecture faible irnpliquant que l'equation SFLT2 
peut toujours se mettre sous la forme reduite u + C,v E K^p. \}\ 



1 Introduction 

In all this article we denote by C the pth primitive root of unity defined hy := e p . In [Gr2, 
Conj. 1.5], G. Gras has given a conjecture which implies Fermat's Last Theorem (FLT): we recall 
here this conjecture which will be called Strong Fermat's Last Theorem (SFLT). 

Conjecture 1. Let p be an odd prime, set K = Q(C) oind p = (C — 1) Z[C]. Then the equation 

in coprime integers u, v, where 5 is any integer > and toi is any integral ideal of K, has no 
solution for p > 3 except the trivial ones for which u + v ^ = ±1, ib(^, ±(1 + (), or ±(1 — Q. 

The cases uv{u + v) ^ mod p, uv = mod p, and u + v = mod p are called respectively 
the first, second, and special case of SFLT. 

From some works of P. Furtwangler and H.S. Vandiver, G. Gras and R. Queme [GQ] have put 
the basis of a new cyclotomic approach to Fermat's Last Theorem by introducing some auxiliary 
fields of the form (Q(/Xg_i) with prime pio study SFLT equation and derive some consequences 
for FLT. 

In this article, we examine some particularities of the second case of SFLT (hereinafter 
SFLT2). Without loss of generality in the context of this work, we choose the following formu- 
lation of SFLT2 in the sequel: 

Let p > 3 be a prime, K := Q(C) ihe pth cyclotomic field and TLk its ring of integers. The 
diophantine equation {u + v()Zk = tOp with n, u G Z\{0} coprime, v = mod p and tvi ideal of 
Zk, has no solution. 
1 

- Keywords: Fermat's Last Theorem, cyclotomic fields, cyclotomic units, class field theory, Vandiver's and 
Furtwangler's theorems 

- AMS subject classes : 11D41, 11R18, 11R37 



2 



Thus it is always assumed in the sequel, without further mention, that p\v. Observe that 
SFLT2 implies the second case FLT2 of FLT. 

1.1 General definitions and notations 

At first, we fix some general notations, conventions and definitions, the context of Fermat's Last 
Theorem and then we explain the aims of the article. 

Notations 1. 

2ivi 

- Let p > 3 be a prime, := e p , K := Q(C) the pth cyclotomic number field, Zk the ring of 
integers of K, and p = (1 — C)Zk the prime ideal of Zk over p. 

- Let g := Gal(i^/Q), for k ^ mod p and Sk : C ^ the p — 1 distinct elements of g. 

- Let CIk, C£, C£~ and C£[p] be respectively the class group of K, the p-class group of K, 
the negative part of the p-class group of K and the p-elementary class group of K. For any ideal 
of K, let us note c£/f (a) and c£{a) the class of o in C£k and Ci. 

Definition 1. A number a G prime to p, such that oIik is the pth power of an ideal, is 
called a pseudo-unit. The pseudo-unit a is p-primary (i.e. the extension K{{/a)/K is unramified 
at p) if and only if a is congruent to a p-power mod p^, see [Gr2] lem 2.1. 

If SFLT2 fails for (p, n, v) with p\v then j := u -\- (v £ Zk is a p-primary pseudo-unit of Zk 
since 7 = it mod p (a generalization of a result of Kummer given again in [Gr2], Theo. 2.2). 

We will derive from our results on SFLT2 some consequences for FLT2. We adopt in the 
sequel the following notations for an hypothetic counterexample to FLT2 

xP + yP + zP = 0, 

x,y,z G 2^\{0} coprime and p\y. It would be a counterexample to SFLT2 with {u,v) = {x,y) 
(resp. {u,v) = (z,y)), verifying moreover x y = Zq foi some zo\z (resp. z -{- y = Xq for some 
xo\x). 

Notations 2. We adopt the following notations: 

- For any integer m > 0, let ^^^^(X) be the mth cyclotomic polynomial and ^(m) the Euler 

indicator. For a,be Z\{0}, let us define ^m{a,b) := 6'^^"')$m (f ) • Clearly ^rnia,b) G Z[a,b]. 

- Recall that we assume that SFLT2 fails for {p, u, v), so with u, v relatively prime and v = 
mod p. Recall [GQ, Lem. 2]: let n> 1 and q be a prime. The following properties are equivalent: 

(i) q j( n and q \ <I>„(u, w). 

(ii) q J( uv and ^ is of order n mod q. 

- Let gr be a prime number dividing $„(it,u) with q J( n and n = dp^ where d is prime to p 
and r > 0. 

^dp-{u,v) :=Y[{u'ip'C^ -v) for all i G (Z/dZ)^ and j G (Z/p''Z)^, 
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where ip := e a and Cr := e p'' (observe that the two previous definitions C, := e p and := e 
imply that Ci = 0- 

Let us fix the root of unity ^ := VCr- Let L := Q(^) and M = LK = Q(^,C)- Put q = 
{q,u^ — v) where q is a prime ideal of L over q because we have assumed g / n. H 

(i) If r = then L = Q{iIj) and M is of degree p — 1 over L. We denote by £} any prime ideal 
of M above q and by qx the prime ideal of K under 0; 

(ii) If r > 1 then M = L and = q. 

Let us recall the definition of the pth power residue symbols in K and M with values in fip 
(see [GQ] definition 2). 

Definition 2. If a £ M is prime to | q in M , then let a he the image of a in the residue field 
Ijm/'^ — Fg/,- since C, G '^Mj the image C, of Q is of order p (since C ^ 1 mod H) and we can 

put a'^ = C,^ , n = £ l^jpTL, which defines the pth power residue symbol (^%^ C^j this 

symbol is equal to 1 if and only if a is a local pth power at (see [Grl, 1.3.2.1, Ex. 1]). 

With this definition, for any automorphism r G Gal(M/Q) one obtains, from a'^ = mod 0, 



choice of qx \ q)- 

1.2 The aim of the article 

In the FLT2 context defined before, Furtwangler proved that, if g is a prime such that q \ x{x + 
y), then qP~^ = 1 mod p'^ (first Furtwangler theorem for Fermat, see Furtwangler [Fur] and 
Ribenboim [Ribl, 3B]), and if g is a prime such that q \ x — y then g^"^ = 1 mod p'^ (second 
Furtwangler theorem for Fermat, see Furtwangler [Fur] and Ribenboim [Ribl, 3C]. 

For a generalization of the Furtwangler results in the SFLT2 context with q\u{u'^ — v'^), see 
Gras [Gr2], Theo. 3.20 and also Gras and Queme [GQ], Cor. 2 and 3. 

Definition 3. A prime q is said p-principal if the class cixiqK) £ C^K of any prime ideal qx 
of Zk above q is the pth power of a class, which is equivalent to qx = ci^(a), for an ideal a of K 
and an a £ . This contains the case where the class cixiqK) is of order coprime with p. 

We suppose that SFLT2 fails for {p,u,v). Let g be a p-principal prime with ^ of order n 
mod q with g / n, so such that q \ ^n{u,v). Renewing some ideas of Vandiver for FLT in [Val, 

^Observe that the prime ideal q is fixed unambiguously by this choice of ^. 
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Va2] involving the systematic use of the pth. power residue symbols for a G M coprime 

with (see definition [2|) , the aims of this article are: 

1. Exhibit some strong properties of the decomposition of the prime q in certain Kummer 
p-extensions of the field M involving the so-called Vandiver cyclotomic units and more 
particularly in detailing the case of the primes q dividing u'^^ — v'^^. 

2. Set a conjecture in contradiction with this decomposition for some arbitrarily large primes 
q implying the SFLT2 conjecture. 

3. Set a weak conjecture in contradiction with this decomposition for some small primes q 
implying that the SFLT2 equation could be reduced to the form 

u + Cve K^'p. 

This reduced form seems possibly easier to search for a proof of SFLT2 conjecture with a 
diophantine approach. 

4. Set a weak conjecture in contradiction with such decompositions of these primes q implying 
the generalization to the second case FLT2 of the Terjanian FLTl theorem [Ter] (i.e. x^p + 
y2p _|_ ^2p _ Q j^g^g solution if xyz ^ mod p). 

2 The main theorem 

We give at first a definition and an elementary lemma independent of the SFLT conjecture. 

Definition 4. Let n = dp^ , with d,p coprime and r > 0. Let ^ he a fixed primitive nth root of 
unity ^ = where tp := e a and (r := e p'' . 
For all < k < p — 1, let us defin^ 

Bk :=l + eC'lll 

Lemma 2.1. 

a) If k = Q, eo = 1 + ^ is a cyclotomic unit of L except if d = 1 (eq = 2) or d = 2 (eq = {)). 

h ) Suppose that ^ < k < p — 1. 

(i) If d > 2 then e^, = 1 + ^C,'^ is a cyclotomic unit. 

(a) If d = 2 then is not a cyclotomic unit and 

- If r > 1 then = 1 — (^r~^^P £ ^[Cr] with Ek^l^r] = Pr where pj- is the prime ideal of 
Z[Cr-] above p. 

^The reason why k — p — 1 is discarded will be explained in remark [1] after the lemma \2l2\ 
"^Ek is used with this meaning in the sequel of the article. 
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- // r = then Ek = 1 — with EkliK = P- 
(in) If d = 1 then et is a cyclotomic unit and 

- // r > 1 then Sfc = 1 + Cr . 
-Ifr = then eu = l + C^. 

Proof. Left to the reader. □ 

The fohowing lemma using Hilbert class field theory for K plays a central role in the article. 

Lemma 2.2. Suppose that SFLT2 fails for {p, u, v) with p\v. Let q )( puv be a p-principal prime, 
n the order of ^ mod q, ^ := e~ and q be the prime ideal q := (u^ — v, q) of Zl- Then 

/ek\ ^ / v_\ ^ for allk = l,...,p-2 and all £}|q,EI 

where = 1 + ^C'^- 
Proof. 

-We have — v = mod q, so u.^ — f = mod 11 for all £}|q, hence with 7 := u + (^v, we 
get 5^(7) = u + C^v = u{l + ^C*") = nefc mod £}, for all A; ^ mod p. 



We obtam = (i^^^L' = (^) ^ 



M 



The numbers 5^(7) are p-primary pseudo- units, which implies ( %^ ) = 1 for all k ^ 



mod p from the Hilbert class field decomposition theorem because, by assumption, q is p- 
principal. □ 

Remark 1. We explain why we can discard the value k = p — 1 of the index k. We exclude the 
value k = p — 1, because £k would be null if and only if d = 2,r = 1 and k = p — 1. For all 
the other {d,r,k), 1 < k < p — 1 with ^ 0, we will show that it is always possible to express 
( l±i^ — ^ function of ( ^^^'^ ) , A; = 1, ... ,p — 2 as follows: we start from 



V Q Af V Q JM 

u{l + ^C-') = Sjij) mod q, for j = 1, . . . ,p - 1, 

where 1 + ^C"* is always nonzero, therefore 

p-i 

u""' 11(1 + CC') ^ N^/Qil) = < mod q. 



Observe that ( -p- ) does not depend on k and recall that £3 = q if r > 0. 
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so 

.f-i(i+cc)...(i+ec^-')(i + ec^-') 



1 for all £}|q 



so, from lemma [2^2] applied for all 1 < < p — 2 we get (!i(l±^\ _ = i, and thus 



M 



/M \ £3 A/ 



for all /c = 1, ... ,p — 2. 



Remark 2. Suppose moreover that FLT2 fails for (p, y, z). In that case, we have (with x, y in 
place of n, v) the relations (x + Cy)^K = 3i where 31 is an ideal of Zk, x + y = Zq and ^^^^ = 

with 2; = — zqZi. We get — y = mod q, so x{l + (,) = mod q, thus (^^^ (^^^) ~ 

From xP + yP + z^ = 0, we get ^^(l + = — mod q, so (^^-q-^^ = 1 and thus we improve 
slightly the lemma [212] if FLT2 fails for {p,x,y, z): 



Corollary 2.3. Suppose that FLT2 fails for (p, x, y, z). Let q / pxy be a p-principal prime with 

- of order n mod q. Then 
y J 1 

+ e 



£} Jm 
and 

— ) = ( — ) for all k = 0,1, ... ,p — 2 and all 0.\a. 
. £2 Jm \qKJK 

2.1 The general case 

We give the main theorem characterizing the decomposition of in a Kummer p-extension of M 
defined from the Vandiver's cyclotomic units. 

Theorem 2.4. Suppose that SFLT2 fails for {p,u,v), p>3 withp\v. Letq )( puv he a p-principal 
prime, n the order of ^ mod q and ^ := e~ . For all < k < p — 1, let := 1 + and the 
prime ideal q := {q,uS, — v) of above q. 

Then all the prime ideals o/Z[^,(^] dividing q totally split in the Kummer extension 



M{d<eke^^ >fe=i,...,p-2)/M. 



Proof. It is a reformulation of the previous lemma [2^2] which had shown that j = (^B") ' "^^^ 
A; = l,...,p-2. □ 

Remark 3. 
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1. Observe from lemma [2TT] that if (i > 2 then Ep-i is a cyclotomic unit. Ifp = 3 then the SFLT2 
equation has actuahy infinitely many solutions with p\v of form u + jv = {s + jt)'^ , with 
s,t € Z coprime and s+t ^ mod 3, see[GQ] remark 2.3. Let g > 3 be a prime. For any s, t 
given, we get u = s^ + t^ — 3st'^,v = 3s^t — 3st^ and the order n = oi ^ mod q. If c? > 2 

then (1 + ^•)(1 + S,f) / and the application of theorem [23] gives (^^-^^^^^g-^^^)^^ = 1- 

We can verify it directly because that case corresponds to n + vj = {s + jt)^. 

2. If SFLT2 fails for {p,u,v) with p > 3 large and p\v, and if the p-principal prime q ^ p 
{very small compare to p) , the probability is very small that the ideal q of L over q split 

totally in the Kummer extension M ( ^ < e^ei^ >k=i,...,p-2 ) / M'- let p^ be the degree of this 
Kummer extension; the probability estimate that q split totally in this extension should be 
roughly V < 0{^). 

3. As a consequence, if SFLT2 fails for {p,u,v) with p\v sufficiently large, then these proba- 
bility estimates suggest that the integer |f| should be an "apocalyptically" large integer with 
a very large number of p-principal primes q\v with k ^ mod p, which could bring some 
tools for another diophantine tackling of SFLT2 problem. 

At this stage it is possible to formulate the following conjecture: 

Conjecture 2. If, for all triples {p,u,v) G I? with p > 3 prime, with u,v coprime and p\v, 
there exists at least one p-principal prime q with puv ^ mod q, such that the prime ideal 

q = {q,u^ — v) is not totally split in the extension M(-^ < e^^r^ >fc=i,...,p-2 ) / with n order of 

^ mod q and ^ = e~ , then SFLT2 holds, [fl 

Remark 4. 

1. Note that the formulation of this conjecture set for all pairs (u, v) coprime with p\v does not 
assume that u + Cf is a pseudo-unit (or not), and thus is independent of the SFLT problem. 
In this conjecture the assumption puv ^ mod q can require that q be taken arbitrarily 
large, so with q ^ p (very large compare to p). For a more general conjecture of similar 
nature implying SFLT (first, second and special case), see [GQ] conjecture 3. 

2. In subsection 12.31 we will show the existence of effective small non p-principal primes q 
compare to p (q <^ p) with ^ mod p that allows to reduce the SFLT2 equation to 
the weaker form of diophantine equation (possibly easier to tackle) 

®Note that we use this formulation, abuse of language for: all the prime ideals £3 of M over q are not totally 
split in the extension M 

(^<£fcer' >fc =i,...,p-2 ) / M. This remark concerns also several statements of conjectures 
or theorems in the sequel. 
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2.2 The case n G {p, l,2p, 2} 



Recall that we have assumed p > 3. In this subsection, we suppose that SFLT2 fails for (p, u, v) 
and we apply the lemma in fixing n G {p, 1, 2p, 2} to derive some strong properties of all the 
p-principal primes q dividing <^„(n, for these values of n. Observe that we have M = K in all 
these cases. 

2.2.1 The two cases n = p and n = 1. 

The reunion of these two cases allows us to investigate the properties of all the p-principal primes 
q dividing — v^. 

CoroUary 2.5. Case n = p: suppose that SFLT2 fails for {p,u,v). If q is a p-principal prime 
dividing then 

^ u—v 

q = 1 mod , 

(1 + C)('i-'^yP = u'-'^-^^P = = 2(^-i)/P = 1 mod q, 



and the prime ideal c\k '■= (q, uC ~ splits totally in the extension 



K{d<l + C^ >j=o,i,...,p-2)/K. 



Proof Here ^ = (, uC — v = mod q, = 1 + C''^^, M = L = K and q = £3 = qx, so 
= f— V for all /fc = 1, . . . ,p - 2. It follows that { = { l±^\ , which 

implies that (^^^ =1; thus q = l mod p^, observing that q=l mod p. 

(^L = ^' (^i. = e^L' {"^1 = {^)k^ all , = 1, . . . ,p- 1. 

Thus (iK) = . . . = (l±^) . Therefore (^^21^)= f^)^"^) = 1, so (-^) = U) = 
1, and gathering these results we get 

i±^) =... = (i±^) =(^) =m =1. 
From uC, — V = ^ mod q/v, we have w\ = = ^^^^^^^ mod q^^-, so = 1; and finally 

(A) =(i±C) =... = (i±C!l) .(M 

Vqx^ft^ ^ qi^ ^ (\K ^qx^K ^<\k^k 
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By conjugation by s^, we get f = 1 ^or any i ^ mod p, thus 



K 



(l + ^)('?-i)/p= 1 niodg, 

and finally q splits totally in the extension K(^^< 1 + >j=o,i,...,p-i) /K. □ 

Remark 5. See theorem 13.41 for a strong generalization of this result without assumption that q 
is a p-principal prime when FLT2 fails for (p,x,y,z) with {u,v) = {x,y). 

Corollary 2.6. Case n = 1/ suppose that SFLT2 fails for {p,u,v). If q is a p-principal prime 
of order f mod p, q divides u — v and q/< is any prime ideal of Ik over q then we have: 

q^ = 1 mod p"^, 



an. 



d (\k splits totally in the extension K(^^< 1 + >j=o,i,...,p-i ) /K . 



Proof. Here £k = l + Q^ , M = K and L = The proof is very similar to the case n = p corollary 
12.51 starting here from the relation 

u + = n(l + mod q, 

for all i ^ mod p (instead of a congruence mod qx), observing that the degree of q mod p 



can be here greater than 1. We have Nj^^q{1 + () = 1 which implies that y'^j = 1 ^-i^d then 



u+v n = ^ mod q implies (^— = 1. □ 

Observe that if u = x,v = y corresponds to a solution of the Fermat's equation x^ -\-yP + = 
0, p = y, from Barlow-Abel relations we get z+y = Xq, x+z = p'^^~^yQ and so x—y = p'^^'^y^ — XQ 



which improves the previous corollary with y-^j = 1 for the primes q\x — y. 

Remark 6. The application of corollaries 12.51 and 12.61 implies that all the p-principal primes q 
dividing vP—v'^ verify q^ = 1 mod p^, which brings a new generalization of the second Furtwangler 
theorem in the SFLT2 context obtained for the primes q dividing u — v in [GQ] cor. 3. 

2.2.2 The cases n = 2p, p > 3, and n = 2 

The reunion of these two corollaries of the theorem 12.41 allows us to investigate all the p-principal 
primes q dividing + at the core of the SFLT2 equation. We need to modify slightly the 
method to take into account the only values k with co-prime with u + C^v. 
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Corollary 2.7. Case n = 2p : suppose that SFLT2 fails for {p,u,v). If q is a p-principal prime 



dividing "^^^ and (\k is the prime ideal c\k '■= {l^uC, + v) ofZx, th 
q = 1 mod p"^ , 



en 



, for j ^ mod p, 

yqx^K \c\K''k \(\k^k V Jk 



an' 



d qx splits totally in K{^< (1 - CJ')/(1 - C) >j^o mod p)/K. 
Proof. Here, we have M = K = L and = —Q which imphes that v = —Cu mod q, thus 
Sk{u + Cv) = u + C^'v = Sk{-f) = u{l - C'''^^) mod q, k = l,...p-2. 

We obtain ( | ( ^f— I = 1, for A; # p — 1 mod p, therefore ( I = ( I , so 

( — I =1 and 0=1 mod which imphes that ( ^—^ ] = ( — ) . Gathering these results, 
we get 

1-C\ /l-C^-i' 



(\K V qK 'K 



by multiphcation we get \^^^^J yq^j ~^ ^^"^ finahy: 

m =m =m =C-^\\ for an J ^0 mod p. 
Vq/^/ii' Vq;^/i<- Vqx/x V q^^: /x 

which achieves the proof. □ 

Remark 7. Suppose moreover that FLT2 fails for {p,x,y,z) with p\y. Then, applying corollary 
12.71 with {u,v) = we get 

1 - C r^ ^ (P_\ 



qK \qK^K 

Moreover x + y = Zq, so x + y = x{l — () = Zq mod qK- In an other hand, qxlz, so x(l — (^) = 
(x + z){l - C) = pP^^^vlil - 0=4 mod q;^ with > 1, so (^)^ = (^)^' ^o, from ([I]), 
-r- ) =1. We have proved Ij 



^Observe that this result (^)^ ~ 1 depending only on p and g completes strongly the relation q = 1 mod 
between p and q. 
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Corollary 2.8. Suppose that FLT2 fails for {p,x,y,z) with p \ y. If q is a p-principal prime 

r.P+iiP 

len 



dividing ^^^^ and (\k is the prime qx '■= {(l^xC, + y) the 



1 modp^, 



= 1, J = l,...,j9 — 1, 

yqx^K yqx^K \qK^K \ qx 



and qx splits totally in the extension K ( ^< 1 — Q >i^o mod p ) / K- 

Remark 8. See theorem 13.71 for a generalization of this result without assumption that g is a 



p-principal ideal when = 1- 

Corollary 2.9. Case n = 2: suppose that SFLT2 fails for {p,u,v). If q is a p-principal prime 
dividing u + v of degree f mod p and qx is any prime ideal of Zx over q then 

q^ = 1 mod , 

(-) =(-) =m =f^)"' for all J ^0 mod p. 
\qx^K \qx^K \qx^K \ qx 'k 



ari' 



d qx splits totally in K{^< {l-Qj)/{l-Q >j^o mod p)/K- 



Proof. Here, £j = 1 — for j ^ mod p, M = K and L = Q. In that case, we get 
(^) ( ) ~ ^ i ^ mod p. The end of the proof is similar to that of corollary 

O ^ ^ □ 



Observe that if FLT2 fails for p and q\x + y (case n = 2) we get (^^j = 1 for the same 
reason than the case q\x — y {n = 1). 

Remark 9. The application of corollaries 12.71 and 12.91 implies that all the p-principal primes q 
dividing + verify g-^ = 1 mod p^, which brings a new generalization of the first Purtwangler 
theorem in the SFLT2 context obtained for the primes q dividing u-\- v in [GQ] cor. 2. 

2.3 The case of non p-principal primes q 

Assume that SFLT2 fails for (p, u, v) with p\v. In this subsection, we will set a weak conjecture 
(so with a proof we can hope easier) implying that SFLT2 equation could always be reduced in 
the form 

as soon as p is irregular, which is assumed in this subsection. Let q ^ p he a prime number and 
qx any prime ideal of Zx above q. 
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Lemma 2.10. If q divides u (resp v) then = 1 (resp. y'^j = Ij- 

Proof. We have Nj^^q{u + v() = = w^, where Nj^^Q{tVi) = wi; so q\v imphes that 

u^^^ = Wi (mod q) which leads to (^^^ = 1- Similar proof starting from q\u. □ 

Let 5 be the finite set of smallest non p-principal primes q such that the set of p-classes 
c£{qK) £ C£ of the prime ideals qx of K over q generates the p-elementary p-class group Ci[p] of 
K. Let us note Qp the greatest prime q £ S. Let the Minkowski Bound of K given by 



With these definitions we get Qp < Bp. 

Observe that under the General Riemann Hypothesis GRH, we know that the whole ideal 
class group of K is generated by the set of prime ideals [ with 

^K/Qi^) <B := 12(log Ak^, (2) 

where Ak is the absolute discriminant of K (see [BDF]). Under GRH, we have generally Qp <^ Bp 
(where <^ means very small compare to) as soon as p is large. 

Lemma 2.11. Suppose that u + ^ K^^. Then there exists at least one prime g E 5 such that 
uv ^ (mod q). 

Proof. Let 7 be a pth root of u + ^v, 7 := + (v. Let Hi be the p-elementary Hilbert class 
field of K (so that Gal{Hi/ K) ~ C^[p])- Let A^i be a subextension of Hi such that Hi is the 
direct compositum of A^i and K{^/^) over K. 

Therefore there exists at least one prime q £ S such that the Frobenius of all the prime ideals 
(\K over q in Hi/K are of order p and fix A^i, so that their restriction to K{.^)/K are of order 

P- Thus + 1. 

(i) If glf , we get a contradiction with lemma [2.101 so u ^ mod q. 

(ii) If q\u we have ( ""^^^ ) =(t^) =1:::^) because (-^) =1 from Lemma [2.101 and 
thus ^ "^" ^ = 1 since k = (mod p) from the first Furtwangler's theorem for SFLT (see [GQ, 
Corollary 2.10]), giving also a contradiction with ^ "^" ^ 7^ 1. Therefore u ^ (mod q). □ 

Definition 5. For a definition of the character of Teichmiiller of Gal{K/<!^) see [GQ] section 
1.3. Let us consider the characters Xi = ^ 1 < * < P — 1- Let iS be the group of p-primary 
pseudo-units of K seen as a Fp[(/]-module, and the Xj-components £i := E^^i of E interpreted in 
the group 8/8^. The components £i are not all trivial because p is irregular. 
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Theorem 2.12. Suppose that SFLT2 fails for {p,u,v) with u + C,v ^ K^^. Then p is irregular 
and there exists at least one non p-principal prime q & S such that: 

1. q j{uv 

2. Let n he the order of ^ mod q, ^ := e~ and q := (u^ — v,q) prime ideal of above q. 
There exists at least one integer m ^ mod p such that all the prime ideals Q of Z[^, Q 
dividing q split totally in the Kummer extension 



M 



( V< + eC'=)C-''")/((l + ^OC-i) >fc=i,...,p-2 )/M. 



Proof. 

1. p is irregular from [Gr2] thm 2.2. From lemma 12.111 it is possible to choose q £ S with 
uv ^ mod p. 



2. The pseudo-unit 7 = + (v is not a pth power, hence in the decomposition 7 = Y\^_ ^^^i 
on the p-1 characters Xi) ^ = 1>---)P — li there exists at least one i = m such that the 
pseudo-unit j^^rn be not a p-power. Let us name it 7^- 

7m is ap-primary pseudo-unit; from Hilbert's class field theory, decomposition and reflection 
theorems and lemma [2.111 applied with Hi and 7^, it is possible to choose one q^^ G 5 such 
that 

/ 7m \ _ -^ii^j^ ^ Q uiod » aud I — ) = 1 for all i ^ m. 

3. Here the extension M{^^m) is Galois on Q because its Galois group acts in letting globally 
unvarying the radical, when raising to a power prime to p by use of the idempotent. We 
can always change in acting by conjugation to obtain Wm = 1 and so 

(-) =(-) 

4. Prom sa:(7) = it + C,^v for A; = 1, ... ,p — 1 and — f = mod q we get 

Sfc(7) = mod q, 

so 



^«(i + ^C')- 

and also 



c\K ^ n /M V qi^ Jk 

so 



V Q Jm ^ 



/n(l+^x _ 
which leads to the result. 
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□ 

This theorem leads us to set the following criterion H for the SFLT2 equation to take the 
reduced form u + Cv £ K^P for the irregular prime p > 3: 

Corollary 2.13. Let p > 3 be an odd irregular prime. Assume that SFLT2 fails for p and that 
for all the primes q £ S and all the integers n > 2 dividing q — 1, there is no prime ideal q o/Z[^] 
above q which splits totally in the Kummer extension 

o{<J< ((1 + mc~m{{-^ + eoc-) >k=i,...,r>-2)/m. o 

with := e~ , andm an integer mod p. Then the solution(s) oftheSFLT2 equation take (s) 
the reduced form u-\- (^v £ K^^. 

We conjecture that the the corollary 12.131 is true for all the irregular primes p. In the other 
hand, we know that u + (^v £ K^p when SFLT2 fails for p regular, which leads us to set the 
conjecture: 

Conjecture 3. Let p be an odd prime. If SFLT2 conjecture fails for p then the solution(s) of the 
SFLT2 equation take(s) the reduced form u + Qv £ K^p. 

Remark 10. Note that the following probability estimates can in no way be considered as an 
element of a proof of conjecture[3l Suppose, as an example, that SFLT2 fails for p and that p\\C£k 
class group of K, which implies that Card{S) = 1. Under GRH, from [BDF], the definition of 
S should imply that Qp < 12{p — 2)"^ {log p)^. For one q £ S, the probability estimate V that q 
splits totally in the Kummer extension 

Q(^, C) ( ^< ((i+eC^)C-*^'")/((i + eC)C-i) >k=i,...,p-2 ) /Q(^, C) 

of degree p^ could be very roughly V < because (p{q) < Qp for q £ S. The probability V' 

for the conjecture [3] be true for p could verify 

i>r' >i-o&). 

Note that often, and perhaps for all irregular primes p > 10^, we have S > j and, under GRH we 
have Qp < p^, so roughly 

1>V' >1-^. 



*We use intentionally the term criterion to indicate that the corollarv l2.13l allows us (at least theoretically) in a 
finite number of arithmetic computations to prove that for p given the SFLT2 equation can be reduced to the form 
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Remark 11. 

1. The reduced form n + ("t; = 7^ can be an important tool to tackle the SFLT2 conjecture 
on a diophantine approach: we have u + C^v = sa;(7)^ for k ^ mod p, which implies that 

(C-C> = 7"-S2(7^), 

{e-e)v = s2{jn-s3{in, 

which brings, among a lot of possible strong diophantine equations, the Fermat's type equa- 
tion 

C7^ + 53(7^) -(1 + 0^2(7^) = 0, 

where :("—>• is a Q-isomorphism of K, form of equation which could be used to try 
to tackle SFLT2 conjecture, see for instance Washington [Was] chap 9 or Ribenboim [Ribl] 
chap. 3 or Cohen [Coh] 6.9.5 with some diophantine approachs of the second case. 

For instance, we can easily find again in this case a result we will also obtain in a broader 
context (theorem 13. 4p : 

-1 + 

) = 1 for all k = 1, . . . ,p — 1, 

(\K 

where (\k is any prime ideal dividing 'j^ = u + v^. 

2. More generally we can prove that: // SFLT2 failed for {p, u, v) with u + (^v = and p \ v, 
then we should have 

(sfc(7) + CpV'sp_fc+2(7))Zi^,2 = /or A; = 2, 3, . . . ,p - 4, 

where 5^(7) are p-primary pseudo-units, C,p2 is the p^th root of unity such that Cp2 = d 
Kp2 = Q(Cp2), and Wi is an ideal of Zk 3- 

3. A strategy of proof of SFLT2 conjecture for the prime p could then be driven in two steps: 

(a) Reduce the SFLT2 equation to the form u + G K^^ implicitly if p is regular and by 
proving that the criterion of corollary 12.131 is verified for p if p is irregular. 

(b) Prove that the diophantine equation u + G K^^ with p\v has no solution by a 
diophantine different approach. 

3 On the second case of Fermat's Last Theorem 

This section details some results obtained for the SFLT conjecture in the second case FLT2 of 
FLT theorem. The last subsection focus more particularly on some strong properties of the primes 
■i™d,„g - FLT2 ta,led t„r (p...,..) with Pi,. 
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3.1 A conjecture for the second case of FLT 

This subsection deals with an application of the previous results obtained for SFLT2 to the FLT2 
context. We give a weak conjecture!^ which should imply the generalization to FLT2 of Terjanian's 
theorem for FLTl. 

We call here weak FLT2 theorem the assertion!^ 

Let p be an odd prime. There are no coprime integers x,y,z G Z, such that 

xP + yP + zP = 0, p\y, (3) 

with X and z square integers. 

Let X = a^, z = /S'^, a, /? E Z. Observe that the proof of this theorem is immediate as soon as 
p = 3 mod 4, because a and /3 are coprime and x + z = a'^ + /3'^ = mod p, contradiction. 

Lemma 3.1. Suppose that p is a prime with p = 1 mod 4 and that x,y verify the Fermat's 
equation 

xP + yP + zP = 0, p\y, X, y square integers . 

Let q he a prime with q = 3 mod 4 and p coprime to k = ^^—p- where f is the order of q mod p. 
Then q / xy{x'^ — y"^). 

Proof. Suppose that q\xy{xP' — y^). We have assumed that thus — ^ mod p. We 
have p prime to k, thus x(x + y) ^ mod q from the first theorem of Furtwangler and x — y ^ 
mod q from the second theorem of Furtwangler, so y = mod q. From Barlow- Abel relations 

nrV _|_ 

x + z = p P yg, ■ = py\, y = -p yoVi, > I, 

X + z 

If y = mod q, then we cannot assert that qP~^ — 1 = 1 mod p^, because Furtwangler theorem 
cannot be applied here. Nevertheless we will show the reduced result: 

Q P verifies y = mod q and x + z ^ mod q then q — 1 = mod p'^: 
Suppose that q\ ^^.'^f with p prime to k and search for a contradiction: let qx be a prime 
ideal of lying over q. From q\y and the Barlow-Abel relation x + y = Zg, we have so 



1. 



Similarly (^)^ = 1, so x('?-i)/p - z^'i-^'^/P = mod q^-. We get 

q I - and q\xP + zP . 



^To avoid any misunderstanding, we mean by weak conjecture, a conjecture with weak assumptions that we 
could hope more easily reachable. 

^^This theorem is in the continuity for the second case FLT2 of the Terjanian theorem for the first case FLTl 
[Ter] and Ribenboim [Ribl, 6C, p. 18]. 
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If we suppose k = prime to p, we have k = even and = {—z)'^ mod q and = {—zY 
mod g, thus q \ x + z hy a Bezout relation between p and n (absurd). 

Therefore, all the prime factors r of yi (where y = —yoVi) verify r = 1 mod p^, thus q\yo 
because by assumption p\\q — 1. Therefore 

q \ yo \ X + z = + (3'^ , 

contradiction because q = 3 mod 4 and a, /3 are coprime, therefore q / xy(x^ — y^). □ 

Prom xy{x'^ — y^) ^ mod q and from theorem 12.41 '^^ l^d to set the following conjecture 
independent of the Fermat context. 

Conjecture 4. "Let p > 3 be a prime. There exists at least one p-principal prime q = 3 mod 4 
with p prime to k = such that, for all the integers n > 2 dividing q — 1, there is no prime 
ideal q o/Z[^] above q which splits totally in the Kummer extension 

c) ( ^< (i+ec'=)/(i+ec) >fc=i,...,p-2 ) /m, o 

where ^ := e~ . " 

Theorem 3.2. If the conjecture^is true then the weak FLT2 theorem is true\^ 
Proof. 

Suppose that conjecture [His true and weak FLT2 theorem is false and search for a contradic- 
tion: 

(i) If p = 3 mod 4: it results directly from x + z = a'^ + (3'^ = mod p impossible, contra- 
diction. 

(ii) lip = I mod 4: there exists at least one prime q = 3 mod p with — 1 verifying the 
conjecture m Then xy{x'^ — y^) ^ mod p from lemma [3Tl so we can apply theorem 12.41 to this 
prime q: the decomposition of g in a Kummer extension given in the theorem 12.41 contradicts the 
decomposition of q given in the conjecture HI for the same extension, contradiction which achieves 
the proof. 

□ 

Remark 12. 

1. The conjecture m independent of Fermat is highly probable, considering, with a probabilistic 
approach, that it suffices to take the smallest p-principal primes q with p||g^~^ — 1 and q = 3 
mod 4 to find easily at least one of them with conjecture [4] verified. Suppose p > 125000 

^^This theorem and the Terjanian theorem imply that if the conjecture 2] is true then the Fermat equation 
x'^'' + y^^ + z^'' = has no solutions with x, y, z nonzero integers. 
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(we know in the classical approach that FLT2 is true for p < 125000, see Ribenboim [Ribl, 
p. 199]). In practice we will find, with these assumptions on q, some primes q <^ p with a 
very large probability that the conjecture [His true for at least one of these primes q. 

2. As an example, we suggest that a very rough estimate of the probability V{p) that the 
conjecture [H be true at p (so implying weak FLT2 theorem at p) for the first prime p 
greater than 125000) verify: 



i-( n Jooo) < nv) <i. 



q prime p— principal 
q< 20000, q=Z mod 4 

pWqP-^-l 

Note that this probability estimate can in no way be considered as an element of a proof of the 
weak FLT2 theorem. 

6.2 borne properties or the primes q dividing — (x-y){y-z){z-x) — 

We assume that the second case FLT2 fails for {p,x,y,z) with p\y. In this subsection, we 
give, for a possible future use, some general strong properties of decomposition of the primes q 

. (xP—yP)('iiP—zP)(zP—xP) ■ ■ ir ■ tt 1 ■ 

dividing -^^ — I '\, vf^ — s — - m certain p-Kummer extensions. Here, we don t assume that q is 

p-principal or not, thus this subsection brings complementary informations to corollary 12.51 The 
Furtwangler's theorem cannot be used for these primes q, so we don't know if p'^\q — 1 or not. 
Let us define here the totally real cyclotomic units 

ea=:C(^-'^)/^-\^, l<a<p-l, 

where we observe that ei = 1 with this definition. Let us note that 

^ _ Al-(p-a))/2 1 + C^~" _ Al+a)/2 1 + _ .(l^a)/2 ^ + C" _ (.s 

£p-a-(, 1 + C 1 + C " 1 + C " ^ ^ 

Lemma 3.3. Suppose that FLT2 fails for {p,x,y,z) with p\y . Let q ^ p he a prime and qx be 
a prime ideal of "Lk over q. Then we have for /c = l,...,p — 1; 
(^)If^K\.(.-ythen {^\ = {^\(:-^\- 



(U)IfqK\zC-ythen (iK^)^ = ( 
(Hi) If qxlxC — z then ^ 



^^Be careful, ea (epsilon in Latex) is different of the Vandiver cyclotomic unit £a =■ 1 + (varepsilon in Latex) 
defined in the definition ID 
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Proof. 

(i) From x( — y = mod we get 

x + C''y = x(l + C^+'^) mod qK, k = l,...,p-l. 

thus 

^ = mod qx, tor A; = 1, ... ,p - 1. 

X + y 1 + C 

In the other hand, for 1 < k < p — 2 then e^+i = • is a totally real cyclotomic 

unit, so ^^^^ = ek+iC^^"^ mod qx, /c = 1, . . .p - 1, and finally 



qx //f \ qi^ //r \ qx 

because x + y € K^p. El 

(ii) the proof is similar with z in place of x. 

(iii) In that case we have x + z = p'^^'^yQ with u > and so x + z G p^^K^^. □ 

Remark 13. This property of the primes q dividing or or '^^.Z'f is strong because 

X + ("^'y or y + (^z, or ^^^^) and efc4_i are pseudo-units not linearly connected by an action of 

Theorem 3.4. Suppose that the second case of FLT fails for (p,x,y,z) with p\y . Let q be a 

prime dividing (or ^yZl )■ Let qx be the prime ideal of Zx over q dividing xC, — y (or 



^ y y - I — I 

zC — y). Assume that the p-class ci^qx) G C£^ . o 
(i) If p^ j( q — 1 then q is not p-principal and 



\ qx \ qx ~ ~ 2 

and 

i'-^) =f^) forl<k'<^-^ 

\ qx \ qx 'K 



(ii) If p^\ q — ^ then 

+ 



qx 'K 



lforj = l,...p-l. 



We don't know here if p \q — 1. 

Note that as soon as Vandiver's conjecture is true for p, this assumption is verified. 
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Proof. 

(i) Let us suppose at first that / g — 1: We know that q is not p-principal, if not it should 
imply p^\q — 1 from corollary 12. 5[ 

- From previous lemma [3^ we have 

and so, with p — A; in place of k, 

(i±^) =(^) (^) to.p-. = l,...,p-2. (6) 

- For 2 < < p — 2, we can write x + (^^y = Af^Bf^a^ with a E K^'^, pseudo-units Aj.,Bh 
verifying G K^'p and 5^"'" G i^''^ where we recall that Sk is the Q-isomorphism Sk ■ 

C ^ of if. Let (^)^ = C'", we get 



s_i(qi^)/x Vs_i(qif)/i^ 



C" 



so (irfc))^ = and so (^^-^^j^ = But c^(q;,) G C^, so {qKB-i^qxTZx = ^Ir 
with /3 G Zx and gcd{n,p) = 1. Then 



1, 



because A^ is a p-primary pseudo-unit (for instance by application of Artin-Hasse reciprocity 



law), so = and (^^j = 1- 

- We get -|±g|- GAlx K>'p, so 



' X + C^y \ (X + CP~^y 



for k = 2,...,p-2, (7) 



^ qK ^ qK 

which leads from ^ and ([6]) to 

-k 

qK \qK'K\ qK 

In the other hand, from (jl]) we have 

Cp-fc-i = Cfe+i : (9) 



/e^x ^/C^x fo^^^2,...,p-2. (8) 

V q?c /ii' \aK)K\ av )k ^ ' 
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From dSI) and ^ we derive that 

=2,. . . ,p-2. 



''J^) = (^—] C-^] for k= 



qK \ qx qK 

We get for the values k = 2k' even 

'2k 



\ qx \ qx qx 'k 



Observing that ep_i = 1, so = 1 we get inductively 

fHz^) =flrl^ for ^' = 1,2,.... 

qx 'K \ qx )k \ qx )k 

so 

\ ^ f s \ for < A;' < i- 

qx \ qx 2 

We get for the odd values k = 2k' + 1 

/ ep_(2fc/+i)-i) \ ^ . ^-(2fc'+i) . / ep_(2fc/+i)+i x ^ P - 

V /A- V q^: 'k\ qx 'k 2 

for k' 



so 



qx V qi^ /A-V qi^ /iC 2 2 

Observing that ei = 1, so (^|^) = 1 we get for k' = so 2A;' + 1 = p 

yqx^'K V qx Jk \qx'K' 



and for k' = 



\qx'K V qx 'k \qx'K' 



and so on. 

- Let us define fc" := — k' , we get 

p — 3 

2/c' + 1 = p — 2 A;" , for k' = — - — , . . . , 1 corresponding to /c" 



It follows that 



qx V qx JK\qx^K 2 ' 2 
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so 



so 



, for 1 < A:' < 
(\K \ (\K Jk 2 



and finally 



^-^'^'^ -^^'^ ^ forl<fc'<^-' 



(ii) Let us suppose that g = 1 mod p^: then (^^j^ = 1 and from relation (flOl) we get 



qx \ (\K 'K 



for k = 2, . . . ,p 



In the other hand we have ( ] = ( I =1 and so 



1 for j = l,...,p-l. 



Vqx/x 

A straightforward computation shows that — (^^) ^^'^ derive that 



V qj^ /ic 



and finally that 

+ 



= 1 for j = 1, . . . ,p — 1. 

which achieves the proof for p^\q — \. □ 

3.3 Some properties of the primes q dividing ^ 

We assume that FLT2 fails for (p, x, y, 2:). In this section, we give, for a possible future use, some 
general strong properties of the primes q dividing (^^+?^K^^+^^K^''^'g'') jj-^ ^^iq second case of FLT. 
Here, we don't assume that q is p-principal or not, thus this subsection brings complementary 
informations to corollary 12.81 

Let us define the totally real cyclotomic units 

^7, =: C(^-)/2 . 1^, l<a<p-l, 

where we observe that vji = 1 with this definition. Recall that the cyclotomic units of K are 
generated by the Wa for 1 < a < |. With this definition we have Wa = —vjp^a'- indeed we have 
= C(^-")/^ • ^ and w,^^ = C(i-(^-))/^ . 1^ = C^^^"^)/^ • = C^-'^)/^ • ^ = -^a. 
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Lemma 3.5. Assume that FLT2 fails for {p,x,y,z) with p\y . Let qx be a prime ideal of Zk 
such that + y = mod c\k (or + y = Q mod c\k )■ Then 

q^l rnodp'and(^) = (^) = C-^) = 1- 
Vq^/K Xqx^K \ qK 

Proof. 

- Suppose that xC, + y = Q mod qx- We have q\z, so q=l mod from First Furtwangler's 
theorem, so f ;f ) =1 and = (^) , so (^) = (^) , so ( p::^) = (^) , and 

finally (^^)^ = 1- the other hand, we have 

X + y = zl = x{l - Q = {x + z){l - Q = p'P-Voi^ - mod qK, 

so 

1. 



(— ) 

V ar<r h 



qK 

- Suppose that z( + y = mod qx- The proof is similar with z in place of x. 

□ 

Lemma 3.6. Suppose that FLT2 fails for {p, x, y, z) with p\y . Let q ^ p be a prime and qx be 
a prime ideal of Zk over q. Then we have for k = 1, . . . ,p — 2: 



(i) If qK divides x( + y then 
(a) If (\k divides z( + y then (^^-^^^ 



K V Jk 

(Hi) IfqK divides xC + z and p \ y then (2±^)^(^)^ = (^)^. 
Proof. 

(i) Prom x( + y = mod qx we get 

X + C^y = x(l - C^+^) mod qx, k = l,...,p-2. 

thus 

■ = — — mod qi^, for fc = 1, . . . ,p - 2. 

x+y 1-C 

In the other hand Wk^i = • -^"^^ is a totally real cyclotomic unit, so 



so 



_ = zuk+iC'''^ mod qx, for A; = 1, ... p - 2, 

I (^) for fc = l,...,p-2, 
K\ Ok yK 



x + 



qx 'K V qx 'K \ qx 
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because x + y ^ K^'^ and finally 



for A; = 1, . . . ,p 



because q = 1 mod p'^ obtained by the first Theorem of Furtwangler. 

(ii) The proof is similar to (i) with z in place of x. 

(iii) In that case we have x + z = p'^^~^yQ with u > and so x -\- z £ p'^K^^ and p'^\q — 1 as 
shown in third paragraph of proof of lemma 13.11 □ 

Remark 14. This property of the primes q dividing ^^^y (or or ^^^Jf-) is strong because 

xQ + y (or zQ + y^ or ^^^)), and Wk+i of 'Lk are pseudo- units not linearly connected in the action 



ofFpb]. 

Theorem 3.7. Suppose that the second case of FLT fails for (p, x, y, z) with p\y. Let q he a prime 

xP+yP / zP+yP xP+zP 

— (or — or — i— 

x+y I z+y x+z 



dividing ^l.Vf ('^^ ^^z^v ^^x+z )■ 1^ t/te prime ideal of Zk over q dividing x( + y (or 



zQ + y or xC, + z). Assume that the p-class ci{qK) £ C£ 0£| [£| Then we have 

1. q = l mod p^ and q is p-principal. 

2. (\K verifies the power symbols following values: 

(a) If (\k\xC, + y (or zQ + y) then 

(p_\ ^ ( ^ - C^ ' 

(h) // q/f l^^" + z then 



. , , , = 1 for 7 = 1, . . . , n — 1. 



V V l,forj = l,...,p-l. 



Proof. 



(a) Suppose at first that q\ ^^.^^ '■ From Furtwangler's First theorem, if a prime q\ ^^^y ^^y+f 
then 0=1 mod p^. We derive that ( — ) =1 and from lemma [331 that ( — ) =1. 
- From previous lemma [3^ we have 

f^^) = (^) forfc = l,...,p. 
\ qK V qK Jk 

and also, with p — k in place of k, 



qK \ qK /A' 



for p — k = 1, . . . ,p — 2. 



^^See the paragraph of notations [T] for the meaning of the p-class cl and the p-class group CI . 

^^Note that the assumption c^(qA') £ Cl^ is automatically verified as soon as Vandiver's conjecture holds for p. 
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The relation ([7]) of theorem 13.41 can be obtained with exactly the same proof 



which leads to 



y 



K 



for k = 2, . . . ,p 



(11) 



(\K 



K 



We have seen above that ro^+i = —w^^k^x so 
/ rofc+i ^ _ /'^p-(fc+i) 



for /c = 2, ...,p-2. 



Then, gathering these two relations, we get 



K 



for k 



K 



UJ. 



p—k — 1 



K 



for k 



,p-2. 



,P 



Starting from k = 2 we get for A; = 2, 4, ... ,p — 3, 



Wp-l 



p-3 



1, 



because we get directly 
3,5,...,p-2, 



because we get directly 



qx \ qx ^qx^K 

1 from its definition. Starting from A: = 3 we get for k 



qif Jx 



qx 'K 



UJp-4, 



qx 'K 



(-) 



1, 



1 from its definition. Therefore we get 



\qx'K 



and finally we find again ( — , 



i-C 

Jx 



1 f or i = 1 , . . . , p — 1 , 

seen in lemma 13.51 From this lemma we have also 



i-C 



1 if qi^K + y (or qx\zC, + y). 



)x 



The even p-primary units are all generated by the tUj, i = 1, . . . , Therefore, the result 

1 for I = 1, ... ,p — 1 obtained and the assumption that cl{(\x) S Cl~ imply that qx is 

p-principal (application of the decomposition and reflection theorems in the p-Hilbert class field 
of i^T), if not it should be possible to find integers ni, . . . , n(p_3y2 ^ mod p, such that the 

/ 1, contradiction. 



p-primary unit w = Y[i=i^^^'^ verifies 



(b) The proof is similar if q\^-^^- 



<\K)x 
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(c) Suppose at last that g| ^ '■ If c|i<-|xC + z and p | y then 

(seen in lemma [3i6] (hi)) and similarly 
so we get again 

Vx + CJP-^zJk ~ \ (\K 

In the other hand = where ^ is a p-primary pseudo unit with ^■^-i+i £ i^^P. Then 

the end of the proof is similar to the previous cases taking into account that we know that p'^\q—l 
from an argument in proof of lemma 13.11 as soon p dividing so (^] = 1. □ 

Remark 15. In the case of an hypothetic solution {x,y,z), p\y of the FLT2 equation, for the 
primes q with c£(qx) £ Ci~ and q_R-|xC + y (or zC + y), the theorem 13.71 can be considered as a 
reciprocal statement to corollary 12.81 in which {u,v) = {x,y) or {z,y) for x,y,z, p\y hypothetic 
solution of the Fermat's equation. In particular, we have proved: 

// Vandiver's conjecture holds for p, and if the second case of FLT fails for p then all the 
primes q \ are p-prmcipal. 

Acknowledgments: I would like to thank Georges Gras for pointing out many errors in the 
preliminary versions and for suggesting many improvements to me for the content and form of 
the article. 
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